In this paper, several typical situations of longitudinal motion in synchrotron design and operation are studied.
I. Introduction
In a synchrotron, particles having energy deviation from the' synchronous particle (s.p.) execute synchrotron oscillation around the s.p. [l] . 
Beam Dynamic Model
The simplified beam dynamic model for synchrotron oscillation can be shown in B is the magnetic field.
wrf and wid are the cavity accelerating frequency and the ideal beam frequency, respectively.
A4 and AR are the beam phase and radial deviations from the equilibrium state, respectively.
AE and Aws are the beam energy and frequency deviations, respectively, and E is the total energy of the particle.
V is the RF voltage amplitude, which is independently preprogrammed.
4, is the stable phase, it is determined by the derivative of the magnetic field and the RF voltage V.
p is the ratio of the particle velocity u and the light velocity c.
R is the mean radius of the accelerator.
7r is the beam transition energy.
17 is the frequency slip factor. To simplify the notation, we define The simplified model can now be represented as in Fig.? . Note that a block T has been added for the oscillators and cavities, indicating that all regulations and controls will go through these elements. Tf the errors from them is neglected, T can be set to 1.
The transfer function from the input frequency perturbation 6w to the radial and phase deviations can therefore be obtained by eliminating mi.ed variables in equation 
is the synchrotron oscillation angular frequency.
Phase and Radial Feedbacks
The block diagram including phase and radial feedbacks can be represented by Fig.3 . In the absence of G,, G, alone represents the phase feedback, and the transfer functions from SW to AR and Ad with the phase feedback alone are as follows,
SW where we let G, = k,, a simple amplifier.
When the radial feedback is added, the transfer functions become,
where G2 = k2, and
(10)
is the new coherent oscillation frequency under feedback control. For the second order system, the term 0 is called the natural frequency. With only the phase feedback, the natural frequency equals the synchrotron oscillation frequency given in equation (7), _ while for phase plus radial feedback, the natural frequency is higher than the synchrotron frequency, as shown in (12). The clamping ratio is defined as kl f=z
If c = 1, the system is critically damped. Thus, it is clear that a phase feedback can provide damping, while radial feedback can increase the natural frequency. It has been
shown that the residual radius error for an unit step accelerating frequency error is [9] 1imAR =J-t--*03 n2
Since 0 > Q, a radial feedback can reduce the residual radius error. Note that the phase manipulation signal A4, differs from the driving frequency error 6w only by a factor of k,, therefore the fundamental system inputs can be considered as 6w, A#, and AR,, or Awd.
Consequently, the basic system performance can be represented by the equations (10) and (ll), as well as the following four equations. 
In the following studies, the phase feedback gain is represented by G, = k,, and we also let G2 = k,. To show examples, the numerical parameters of the AGS Booster synchrotron will be introduced. 
III. TOPICS ON RF BEAM CONTROL
In the following, we will discuss some typical situations arising in the operation of a synchrotron, using the model presented in Section II.
Accelerating Frequency Error
For an accelerating frequency error &J, t#he radius and phase responses are shown in Figs. 5 and 6, following equations (10) and (ll), respectively. assumed to be 0.1 percent,
i.e., &J = 213 x 10' rad/sec.
responses corresponding to three different dampings are plotted.
The frequency error is
For comparison, the In the design, first the required residual radius error ratio and the damping ratio have to be specified. Then by solving equations (13) and (19), together with (12), the gains k, and k2 can be found.
In 
where we note that s+ 00 and s+ 0 represent the properties of the transfer function at t---t 0 and t-+ cc, respectively. Therefeore the rising time constant ri can be estimated to be equal to
and the falling time constant r2 can be estimated by
It is clear that as k, increases, the difference between r']. and r2 will be larger, as 
Therefore, the lock-in range is estimated as the unity gain bandwidth of this loop, which is roughly equal to kl, and is 154 x X03 rad/sec = 24.5 KHz. The higher the kl, the larger the lock-in range. One has however to assure that the phase detector and the control circuitry is not being saturated before reaching the lock-in range.
Typically, the phase detector has a linear range of about f 1 rad. From We will not however pursue further on this aspect in this article.
Motion of the Bunch in the Bucket
The motion of the bunch can be described in phase space as shown in Fig.7 .
Since one would like to avoid undesired filamentation, it is of interest to know the bunch motion with respect to the bucket. The amount of motion of the bunch with respect to bucket can be used as a criterion for the degree of the filamentation.
Because the bucket itself is moving during the transient period, the plot in Fig.7 does not exactly show the motion of the bunch in the bucket. The motion of the bucket is denoted in Fig.4 by Aw, which is plotted in Fig.8 , with a 0.1 percent accelerating frequency step error. Because of this accelerating frequency error, the bucket jumps vertically by 3.39 KHz, then the signal from the phase deviation A$ is fed back to the oscillator, and the bucket is pulled back rapidly. When the phase deviation decreases, the bucket bounces back again, and finally it settles at the position that equals the final beam frequency deviation ALES. It can be concluded that the bunch phase motion in the bucket is the same as that shown in Fig.6 , however the radial motion Meanwhile, we recall that if only the phase lock-in range is considered, a 24.5 KHz accelerating frequency error can be allowed. Then, however, the bunch will jump out of the bucket. Therefore for this particular machine the lock-in range is not of concern in the design and operation. This study shows the necessity in understand-:r ing the bunch motion in the bucket.
Phase Manipulation
The equivalent scheme of phase manipulation control is shown in Fig.4 by A4,, For a purpose of changing bunch shape, or debunching, it is desired to move the bunch to a required position in phase space, typically at a certain phase deviation, then keep it there for a period of time. We notice that the response of the phase deviation does not follow the input signal. Thus to achieve a desired phase deviation, the control signal has to be manipulated. A typical manipulation is shown in Fig.10, where the phase manipulation signal lets the equivalent driving frequency jumping to 3.39 KHz, then taking a ramp, and Finally turning to flat at 22.6 KHz. The bunch therefore can stay at a phase deviation of about 1 2 degrees for a period of 80 psec.
Using (4b), we know that the radial deviation is an integration of t.he phase deviation, then the final radial deviation can be calculated as about 0.4 cm.
Although the equivalent driving frequency moves away from the synchronous frequency by as much as 22.6 KHz, because the motion takes a relatively slow ramp, the bunch does not jump out of the bucket. The bunch motion in bucket is shown in 
Stable Phase Compensation
The stable phase is determined from the rate of the magnetic field variation & and the RF voltage amplitude V, where p is the radius of curvature of the magnets.
A stable phase variation can be considered as a disturbance at Add. For a step 14 and 15. Again we observe large difference in vertical motion. In Fig.15 , it is shown a large vertical jump at onset. This is because that the initial phase deviation affects the bucket immediately through the phase feedback. The amount is determined by k, x A$d. In this case if we take k12, then the bucket jumps negatively by 2.45 KHz.
Therefore a 0.1 rad step stable phase variation is significant for the filamentation.
The residual errors due to a step Ab, are as follows, Note that T5 and T6 differ T7 and T8, disre,garding scalings, only by a differentiator s, therefore if the transient stable phase compensation is needed, a manipulation on the correcting signal from (30) by a differentiating can be considered. It is of interest to know, for example, in determining the E and k-program how much the corresponding radius and phase deviations will be. We show in Fig.16 the radius deviation due to stable phase variation during the acceleration of the Booster, using (15). Disregarding the period of rapid variations of the stable phase during RF capture, the typical radial deviation is less than 4 x 1O-7 m. We also calculate that the typical phase deviation is about 25 x lo-' t-ad. Therefore, significant. On the rapid stable phase variation, which happens these effects are not :.
at the RF capturing period, it can be calculated that the correcting signal is at a range of 0.01 percent of the accelerating frequency.
Injection Errors
The injection frequency error can be simulated as Awd, which is equivalent to a radius deviation of Q x ARdr and the injection phase error can be simulated as Abd, both in steps. The response of Aw6 for 0.01 percent frequency error is shown in Fig.17 . Note that the settling time is much longer than the one of A4 due to Add as shown in Fig.13 . This is because that in this case the response is dominated by the radial loop, rather than the fast inner loop.
The responses of Aw6 due to a combined 0.2 rad phase error and a 0.01 percent frequency error are shown in Fig.18 . It looks as if the phase error does not affect much the response. However, from the bunch motion in bucket shown in Fig.19 , with only the frequency error, and the motion in bucket shown in Fig.20 r ---*_ --i : Sec. 
